Analogues over finite fields are presented for the major formulas in the theory of classical Hermite functions.
, a problem some algebraic geometers had worked on without success.
Character sum analogues of the important formulas for orthogonal polynomials are potentially as useful as those for hypergeometric series, so a systematic study should be made. Indeed, many character sums studied in the literature are analogues of special functions, e.g., the generalized Kloosterman sum (see (2.5) , Theorem 2.6, and, say, [10], [21A, p. 253]).
In this paper, the focus is on analogues of Hermite polynomials, namely Hermite character sums H N (x) defined in (2.1). Each of the theorems in §4 is an analogue over finite fields of a classical formula stated just above it. The classical formulas are stated without conditions of validity; such conditions are often unrelated to the unpredictable conditions of validity for the finite field formulas.
It is not always possible to give proofs of the finite field formulas which parallel classical proofs. This is because no satisfactory analogues of limits, first derivatives, logarithms, and three term recurrence relations are known. It would be of great importance to find a unified approach which simultaneously explains formulas for orthogonal polynomials and the analogues over finite fields. Perhaps this will be accomplished by connecting the polynomials with Lie groups having counterparts over finite fields. In §3, multivariable Hermite sums are defined and a biorthogonality relation is proved. In §5, an analogue of the associated Hermite polynomial [1] is briefly discussed, and an example is given to show how finite field analysis may be used to construct explicit formulas for classical special functions. The mysterious fact that such a technique generally works reflects the beauty and unity of mathematics.
For 2. Definitions, notation, and preliminary results. Let q be a positive integral power of an odd prime p. The finite field of q elements is denoted by GF{q). The capital letters A, 2?, C, M, N are reserved for multiplicative characters on GF(q), but 1 and φ will denote the trivial and quadratic characters, respectively. Write Σ x to denote the sum over all x e GF(q), and write Σ^ to denote the sum over all q -1 characters N on GF(q). For some basic properties of these sums, see [17, Ch. 8]; e.g., for A Φ 1,
MN Φ 1, G(A)G(A) = qA(-l), J(M,N) = G(M)G(N)/G(MN).
We wish to define character sum analogues of Hermite functions H n (x), Laguerre functions L a n (x), Legendre functions P n (x), and Bessel functions J n (x), K n (x), motivated by the familiar integral representations 
Thus for x e GF(q), define the Hermite character sum the Laguerre character sum 
J(A,BA)
Define an operator D N = D% on the set of complex functions F on GF(q) by
CJ)
Thus D£ is the analogue of the nth derivative with respect to x (cf. Cauchy's integral formula for / (n) (x)). We next prove four theorems involving D N . The first gives an analogue of composition of derivative operators.
Proof. By (2.8), one easily proves (2.9). Now, 
G(N)7
The next theorem gives an analogue of n-ΐold integration by parts.
The next theorem is the analogue of the Taylor expansion. The next theorem gives an analogue of Fourier inversion. We omit the easy proof.
this expansion is unique in the sense that ifO = Σ a R(a)ζ ax for all x, then R(a) = 0 for all a.
The next theorem is the analogue of
It evaluates Salie's sum over GF(q); see Mordell [23] , [24] . and the right side of (2.12) equals 
= ΣNφ(t)S(x,t),
where
by Theorem 2.6. Thus, with
as desired. Finally, we record the following well-known special case of the Hasse-Davenport multiplication formula mentioned in the Introduction:
Multivariable Hermite sums.
The following theorem is the analogue of Taylor's theorem in several variables. We omit the proof, as it is similar to that of Theorem 2.4. We shall write a for the vector (α l9 ..., a r ) e GF(^) r and N for the vector of characters (N v ..., N r ). The following theorem is the analogue of the biorthogonality property of Hermite polynomials [6, p. 286 
Proof. Multiplying the equalities in (3.1) and (3.2), we obtain
Since g is odd, there exists an invertible matrix Q over GF(q) such that Q*DQ is diagonal [4, p. 253 
Hermite sums.
In this section, we catalogue the theorems (in somewhat arbitrary order) corresponding to what we believe to be the most important classical formulas for Hermite functions. In many cases, it is more difficult to construct an elegant analogue (and find general conditions of validity) than it is to give proofs. If for example one had made the reasonable guess that the analogue of the binomial coefficient in 
Corresponding to Corresponding to
we have
THEOREM4.5. H N (-x) = N(-l)H N (x).
Proof. Replace u by -u in (2.1). Corresponding to 
G(N)G(M) ,,,

G{N)G{M)t K) y
Since N Φ I, the term with 5 = -a may be excluded. Replace / by 
-t/(a + s) to get
Since JV ¥= 1, we obtain, upon replacing t by tu, It remains to show that
By (2.5),
SO u t
Since the rightmost sum on u equals (4.21a) follows.
Corresponding to (4.22) 
0, if ABC is not a squarê --(N(-2)G{ΛN)G(BN)G{CN) G(A)G(B)G(C)
Proof. Successively applying Theorems 4.1, 2.3, 2.2, and 4.2, we have
By Theorem 4.19, L = 0 if ABC is not a square, while if ABC = N 2 , only M = ACN and M = ACNφ contribute to the sum; these contributions are easily seen to be respectively the two required terms in Theorem 4.24.
Corresponding to Mehler's formula 
G(B)G(C)(q -1)
It is easily checked that
ΣM(-2)G(M)G(MB)G(MC)H BcW 2(x).
so the result follows from (4.28a). 
Proof. In Theorem 4.31, set x = 0, replace z by -z, and apply Theorem 4.6. 
G{N)G(M) G{M)
and the result easily follows. 
Therefore, by Theorem 2.4,
The result now follows with use of Theorem 4. We close with an example to show how finite field analysis might be used to conjecture explicit formulas for special functions, which then may be proved by complex analytic methods.
Suppose it is desired to find a formula for H m (x; c) 
(-2)N(2)G(BCN)G(BN)G(CN),
where B = MC. Replace N by NB to obtain
H »\ X ' C > q(q-l)G(C) XΣH M Ψ(X)G(N 2 M)N(2)G(NC)G(N)G(MN).
N From this one might conjecture that which is in agreement with [1, (4.18) ].
